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The thermodynamics of ideal gas on the noncommutative geometry in the coherent state formalism
is investigated. We ﬁrst evaluate the statistical interparticle potential and see that there are residual
“attraction (repulsion) potential” between boson (fermion) in the high temperature limit. The characters
could be traced to the fact that, the particle with mass m in noncommutative thermal geometry with
noncommutativity θ and temperature T will correspond to that in the commutative background with
temperature T (1+kTmθ)−1. Such a correspondence implies that the ideal gas energy will asymptotically
approach to a ﬁnite limiting value as that on commutative geometry at Tθ = (kmθ)−1. We also investigate
the squeezed coherent states and see that they could have arbitrary mean energy. The thermal properties
of those systems are calculated and compared to each other. We ﬁnd that the heat capacity of the
squeezed coherent states of boson and fermion on the noncommutative geometry have different values,
contrast to that on the commutative geometry.
© 2008 Elsevier B.V. All rights reserved.1. Introduction
The noncommutativity of spacetime which ﬁrst studied by Sny-
der [1] is naturally found in the string/M theories [2,3]. Initially,
Connes et al. [2] had shown that the supersymmetric gauge theory
on noncommutative torus is naturally related to the compactiﬁ-
cation of Matrix theory. It is also known that the dynamics of a
D-brane in the presence of a B-ﬁeld can, in certain limits, be de-
scribed by the noncommutative ﬁeld theories [3].
The noncommutative geometry is currently encoded in the
commutator
[xμ, xν ] = iθμν. (1.1)
The value of θμν is an anti-symmetric matrix which determines
the fundamental cell discretization of spacetime. The relation (1.2)
implies the  operator which is the Moyal product generally de-
ﬁned by
Φ(x)  Φ(x) = e+ i2 θμν ∂∂ yμ ∂∂zν Φ(y)Φ(z)|y,z→x. (1.2)
Using above relation the quantum aspects of the noncommutative
ﬁeld theories have been pursued via perturbative analysis over di-
verse model [4,5].
Besides the above approach to noncommutative quantum the-
ory there is another method, the coordinate coherent state ap-
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doi:10.1016/j.physletb.2008.11.012proach [6,7]. In this approach the wavefunction of a “free point
particle” becomes
Ψp(x) = 〈p|x〉 ∼ exp
(
−θ p
2
4
+ ip · x
)
, (1.3)
and many authors had studied the effects of noncommutativity on
the terminal phase of black hole evaporation [8–10]. In these study
the “point-like gravitational source” becomes
ρ(r) = M
(4πθ)3/2
exp
(−r2/4θ). (1.4)
Some interesting results have found are: there exists a ﬁnite max-
imum temperature that the black hole can reach before cooling
down to absolute zero; there is no curvature singularity at the ori-
gin while existence a regular de Sitter core at short distance.
In this short Letter we will report our investigations about the
thermal property of ideal gas on the noncommutative geometry in
the coherent state formalism.
2. Thermodynamics of ideal gas on noncommutative geometry
2.1. Statistical interparticle potential
First, let us evaluate the statistical interparticle potential of
ideal boson and fermion on the noncommutative geometry. It is
well known that, in comparison with the normal statistical be-
havior, bosons exhibit a larger tendency of bunching together, i.e.,
a positive statistical correlation. In contrast, fermions exhibit a
negative statistical correlation. Uhlenbeck presented an interesting
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ticle potential” and then treating the particles classically [11]. Let
us ﬁrst brieﬂy describe the method [12]. Deﬁne the one particle
matrix element of the Boltzmann factor by
Fij = 〈Xi|e−βH |X j〉, (2.1)
then the matrix element of the Boltzmann factor for a system of
two identical particles can be written as
〈X1, X2|e−βH |X1, X2〉 = F11F22 ± F12F21, (2.2)
where the plus (minus) sign is adopted for the boson (fermion)
system. For a translation symmetry system F11 = F22 and F12 =
F21 and density matrix element becomes [12]
〈X1, X2|ρ˜|X1, X2〉 = 1
V 2
[
1± F
2
12
F 211
]
, (2.3)
in which we deﬁne the density matrix by ρ˜ ≡ e−βH
Tr e−βH [12] and V is
the system volume. The “statistical interparticle potential” v is de-
ﬁned to be such that the Boltzmann factor exp(−βv) is precisely
equal to the correlation factor (bracket term) in the above equa-
tion, i.e.,
v = −kT ln
[
1± F
2
12
F 211
]
. (2.4)
Now, using the property (1.3) which was found by Smailagic,
Spallucci [6] we see that
〈X1|e−βH |X2〉 =
∑
p
〈X1|p〉〈p|e−βH |p〉〈p|X2〉
= 1
(2π)3
∫
d3k e−
h¯2k2
2m β+ik·(x1−x2)− θ h¯
2k2
2
= 1
(2π)3
∫
d3k e−
h¯2k2
2m (β+mθ)+ik·(x1−x2). (2.5)
Thus the “statistical interparticle potential” calculated on the non-
commutative geometry with inverse temperature β is just that
calculated on the commutative geometry while with inverse tem-
perature β +mθ .
This means that with the following simple substitution
T ⇒ f (T ) = T
1+ kTmθ , (2.6)
we could obtain the desired thermal property on the noncommu-
tative background. The “statistical interparticle potential” on the
noncommutative geometry we found thus becomes
v = −kT ln
[
1± exp
(
− mkT
h¯2(1+ kTmθ) r
2
)]
. (2.7)
We plot the above result in Fig. 1 (with V ≡ v/kT ) in which
the dashed line represents the “statistical interparticle potential”
on the noncommutative geometry while the solid line represents
that on the commutative background. Boson has negative potential
while fermion has positive potential.
Above results show two nontrivial properties:
1. The space noncommutativity enhances the negative statistical
correlation between fermion and enhances the positive statis-
tical correlation between bosons.
2. There are residual “attraction potential” between boson and
residual “repulsion potential” between fermion in the high
temperature limit. This is because that, form (2.6) we see that
the asymptotic temperature becomes
T T→∞−→ 1 ≡ Tθ . (2.8)
1+ kTmθ kmθFig. 1. “Statistical interparticle potential” on the noncommutative geometry. Dashed
lines which describe the ideal gas on the noncommutative geometry will asymptot-
ically approach to a ﬁnite value.
Thus the thermal property of the gas on noncommutative
background will, in the high temperature, asymptotically ap-
proach to the thermal property of the gas on commutative
background with temperature Tθ , which is a ﬁnite value.
2.2. Statistical mechanics on noncommutative geometry
In this section we will mention that the simple substitution
of Eq. (2.6) could be used in many thermal quantities. First, the
key principle of statistical mechanics is that the probability of
a point gas having energy E is proportional to e−βE [13]. Next,
(1.3) tells us that the wavefunction of a “free point particle” will
be smeared to an extended matter by a factor exp(−θ p24 ) thus
the corresponding probability on the noncommutative geometry
will become e−(β+mθ)E . This simple observation implies the sim-
ple substituting rule in (2.6).
Therefore, the energy of ideal fermion or boson could be calcu-
lated from the following two relations
N =
∑
p
1
z−1e(β+mθ) ± 1 , U =
∑
p

z−1e(β+mθ) ± 1 , (2.9)
where z is fugacity of the ideal gas, which is related to the chem-
ical potential μ through the formula z ≡ exp(μ/kT ) [12]. Then,
using (2.6) it is easy to see that the Bose–Einstein condensation
will occur at
T˜c = Tc
(
1+ Tc
Tθ
)
. (2.10)
We see that T˜c is larger then Tc which is the temperature of Bose-
Einstein condensation on commutative background. The fact that
T˜c > Tc could be interpreted from the property that the space
noncommutativity enhances the positive statistical correlation be-
tween bosons, as shown in Fig. 1.
In high temperature limit the energy of ideal boson (−) or ideal
fermion (+) becomes
U ≈ 3
2
Nk
T
1+ kTmθ ± 0.2652
h3N
V
√
1+ kTmθ√
2πm
√
kT
T→∞≈ 3
2
NkTθ ± 0.2652h
3N
V
1√
2πm
√
kTθ
, (2.11)
in which the second term corresponds to the effect of residual
“attraction potential” between boson and residual “repulsion po-
tential” between fermion in the high temperature limit, as shown
in Fig. 1. Above result shows a surprising property that, in the co-
herent state approach, the ideal gas energy at high temperature
will asymptotically approach to a ﬁnite value, even it is a very
large quantity as the space noncommutativity is very small.
As the appearance of the limiting energy in the above analy-
sis seems something strange it will be interesting to see how it
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property that the particle is a relativistic one with Einstein rela-
tion E2 = p2 + m2, which may be relevant to the system in the
high temperature. Then, Eq. (2.9) will be replaced by
N =
∑
p
1
z−1 exp(β
√
p2 +m2 )exp(θ p2/2) ± 1 , (2.12)
U =
∑
p
√
p2 +m2
z−1 exp(β
√
p2 +m2 )exp(θ p2/2) ± 1 . (2.13)
Using above relation and through standard calculation [12] we can
ﬁnd that, for the massless gas in high temperature we have the
following approximations
N/V = 4π
h3
∞∫
0
dp p2
∞∑
=0
(±1)(ze−β√p2+m2−θ p2/2)+1
≈ 4π
h3
[
z
( √
π
θ3/2
√
2
− 2β
θ2
)
± z2
( √
π
4θ3/2
√
2
− β
θ2
)]
, (2.14)
U/V = 4π
h3
∞∫
0
dp p2
√
p2 +m2
∞∑
=0
(±1)(ze−β√p2+m2−θ p2/2)+1
≈ 4π
h3
[
z
(
2
θ2
− 3β
√
π
θ5/2
√
2
)
± z2
(
1
4θ2
− 3β
√
π
4θ5/2
√
2
)]
. (2.15)
Above results imply that the system energy could be expressed as
U = N
[
2
√
2π−1√
θ
± h
3N
V
1− √2
4π2
θ + O (β)
]
. (2.16)
As the relation of relativistic gas energy on commutative spacetime
is U = 3NkT we thus see that the limiting temperature in the rel-
ativistic theory becomes
Tθ = 2
√
2π−1
3k
√
θ
, (2.17)
and property of “appearing the limiting energy” in the non-
relativistic system also shows in the relativistic theory.
3. Statistical mechanics on noncommutative geometry
with squeezed coherent state
3.1. Squeezed coherent state
Let us now turn to consider the squeezed coherent state on the
2D noncommutative space in which the noncommutative coordi-
nates qˆ1 and qˆ2 have the property
[qˆ1, qˆ2] = iθ. (3.1)
We ﬁrst perform the canonical transformation by deﬁning the op-
erators
Aˆ = (qˆ1 + iqˆ2) coshτ + (qˆ1 − iqˆ2) sinhτ = sqˆ1 + is−1qˆ2,
Aˆ† = (qˆ1 + iqˆ2) sinhτ + (qˆ1 − iqˆ2) coshτ = sqˆ1 − is−1qˆ2, (3.2)
in which the value s ≡ eτ is the “squeezing parameter” and the
case of s = 1 is the un-squeezed state considered in [6,7]. The def-
inition of Eq. (3.2) lead to the relation
[ Aˆ, Aˆ†] = 2θ, (3.3)
as that without squeezing.
As before [6,7] the squeezed coherent state |αs〉 is deﬁned by
Aˆ|αs〉 = αs|αs〉, 〈αs| Aˆ† = 〈αs|α∗s . (3.4)The coordinates x1, x2 which represent the mean position of the
particle over the non commutative plane are deﬁned by
x1 ≡ 〈αs|qˆ1|αs〉 = 〈αs| Aˆ + Aˆ
†
2s
|αs〉 = αs + α
∗
s
2s
, (3.5)
x2 ≡ 〈αs|qˆ2|αs〉 = 〈αs| Aˆ − Aˆ
†
2is−1
|αs〉 = αs − α
∗
s
2is−1
. (3.6)
Note that as Aˆ|αs〉 = αs|αs〉 we can deﬁne
Aˆ = αs + ηˆ, ηˆ|αs〉 = 0, (3.7)
Aˆ† = α∗s + ηˆ†, 〈αs|ηˆ† = 0, (3.8)
in which [η,η†] = 2θ . Thus, deﬁning qˆ1 = qˆ1 − x1 and qˆ2 =
qˆ1 − x2 we see that
〈αs|(qˆ1)2|αs〉 = s−2θ, (3.9)
〈αs|(qˆ2)2|αs〉 = s2θ. (3.10)
Thus the uncertainty on the coordinate x1 is different from that on
the coordinate x2. This is what we means the squeezed coherent
state. Note that the squeezed coherent state used in the condensed
matter or quantum optics is that on the coordinate x and “coordi-
nate” p.
The noncommutative version of the plane wave operator is de-
ﬁned by exp i(p · ˆq) where p = (p1 p2) is a real two-component
vector. After using the Baker–Campbell–Hausdorff formula the
mean value becomes
〈αs|eip1qˆ1+ip2qˆ2 |αs〉
= 〈αs|ei(p+c++p−c−) Aˆ†+i(p+c−+p−c+) Aˆ |αs〉
= 〈αs|ei(p+c++p−c−) Aˆ†ei(p+c−+p−c+) Aˆ
× e(p+c++p−c−)(p+c−+p−c+)[ Aˆ†, Aˆ]/2|αs〉
= 〈αs|ei(p+c++p−c−)α∗s ei(p+c−+p−c+)αs
× e−(p+c++p−c−)(p+c−+p−c+)θ |αs〉
= e(ip1x1+ip2x2− θ4 (s−2p21+s2p22)). (3.11)
In the above calculation we have deﬁned
p+ ≡ p1 + i p2
2
, p− ≡ p1 − i p2
2
, (3.12)
c+ ≡ s
−1 + s
2
, c− ≡ s
−1 − s
2
. (3.13)
According to the [6,7] we can interpret (3.11) as the wave function
of a “free point particle” on the non-commutative plane:
Ψp(x) = 〈p|x〉 = exp
(
−θ (s
−2p21 + s2p22)
4
+ ip · x
)
, (3.14)
which is the deformed version of (1.3).
After the standard calculation [12] we ﬁnd that
N = V
h2
∞∫
−∞
dp1 dp2
∞∑
=0
(±1)(ze−β(p21+p22)/2m−θ(s−2p21+s2p22)/2)+1
≈ Vπ
h2
(
2mkT
1+ s−2kmθT
)1/2( 2mkT
1+ s2kmθT
)1/2[
z ± z
2
2
√
2
]
, (3.15)
U = V
h2
∞∫
−∞
dp1dp2
p21 + p22
2m
×
∞∑
(±1)(ze−β(p21+p22)/2m−θ(s−2p21+s2p22)/2)+1
=0
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4mh2
[(
2mkT
1+ s−2kmθT
)3/2√ 2mkT
1+ s2kmθT
+
√
2mkT
1+ s−2kmT
(
2mkT
1+ s2kmθT
)3/2][
z ± z
2
2
√
2
]
. (3.16)
Using above relations we ﬁnd that the high-temperature energy of
the squeezed coherent state becomes
U = N
2
[
kT
1+ s2mθkT +
kT
1+mθkT /s2
]
×
[
1± 1
2
√
2
Nh2
Vπ
(2mkT )2
(1+ s2mθkT )(1+mθkT /s2)
]
≈ NkTθ
2
[
s2 + 1
s2
][
1± θ
8
√
2
Nh2
Vπ
]
+ O (β)
≈ NkTθ
[
s2 + 1
s2
]
> NkTθ , (3.17)
in which Tθ is deﬁned in (2.8). Above result implies two interest-
ing properties:
1. The squeezed coherent state (s = 1) has a larger mean energy
than the un-squeezed state and it could be copiously excited
at high temperature.
2. The 2D squeezed coherent states of boson and fermion on the
noncommutative geometry have different values of heat capac-
ity, contrast to that on the 2D commutative geometry.
3. We will see in next subsection that when consider the contri-
bution of the arbitrary squeezed coherent state the system will
asymptotically approach to inﬁnite energy, contrast to that ap-
proaches to a limiting energy in the system with un-squeezed
coherent state.
3.2. Thermodynamics of squeezed coherent state
To consider the system with arbitrary squeezed coherent state
we have to calculate the particle number N and grand potential q
which is deﬁne by ± ln(1± ze−β) in commutative theory [12].
N =
∞∫
−∞
dτ
[
V
h2
∞∫
−∞
dp1 dp2
1
z−1e
p21+p22
2m β+θ(
e−2τ p21+e2τ p22
2 ) ± 1
]
= V
h2
π√
θβ
m
P0− 12
( β2
4m2
+ θ24
θβ
2m2
)
Log(1± z), (3.18)
q = ±
∞∫
−∞
dτ
[
V
h2
Log
(
1± ze−
p21+p22
2m β−θ(
e−2τ p21+e2τ p22
2 )
)]
= ∓ V
h2
π√
θβ
m
P0− 12
( β2
4m2
+ θ24
θβ
2m2
)
Li2(∓z), (3.19)
in which P0− 12
(x) is the associated Legendre function and Li2(∓z) is
the polylogarithm function. We can now ﬁrst use (3.18) to express
the fugacity z as the function of particle number N . Next, we can
use the energy relation U = −∂q/∂β and (3.19) to ﬁnd the system
energy. The results are plotted in Fig. 2.
We see that, while the energy of the coherent gas on the non-
commutative space has a limiting value the squeezed coherent gas
could have arbitrary energy. This property could be seen form the
following analytic formula. Using the high-temperature expansionFig. 2. Energy of the system. Solid line describes the energy of the gas on the
commutative space, dashed line describes that of the coherent gas on the non-
commutative space, and dot line describes that of the squeezed coherent gas on
the non-commutative space.
Fig. 3. Heat capacity of the system. Solid line describes the heat capacity of the
gas on the commutative space, dashed line describes that of the coherent gas on
the non-commutative space, and dot line (up/below) describes that of the squeezed
coherent (fermion/boson) gas on the non-commutative space.
π√
θβ
m
P0− 12
( β2
4m2
+ θ24
θβ
2m2
)
≈ 2
√
π
θ
+ 2
θ
[
2ψ(2) − 2ψ(1/2) + Log
(
θm
4β
)]
, (3.20)
in which ψ(x) = Γ ′(x)/Γ (x) and Li2(x) ≈ x + x2/4 + · · · we ﬁnd
that
U ≈ N πkT
Log(kT )
(
1± Nkθ
2V Log(kT )
)
, (3.21)
which will asymptotically approach to the inﬁnite value. Above re-
sult implies that the heat capacity is
C ≈ N πk
Log(kT )
(
1− 1
Log(kT )
± Nkθ
2V Log(kT )
)
. (3.22)
Thus, the heat capacity of 2D squeezed coherent states of boson
and fermion on the noncommutative geometry have different val-
ues, contrast to that on the 2D commutative geometry. We also
plot the heat capacity in Fig. 3.
The Fig. 3 shows a special property that the heat capacity of
the un-squeezed or squeezed coherent state has a peak value at
the ﬁnite temperature.
4. Discussion
In this Letter we ﬁrst see that the particle with mass m in
noncommutative thermal geometry with noncommutativity θ and
temperature T will correspond to that in the commutative back-
ground with temperature T (1 + kTmθ)−1. Such a correspondence
implies that the ideal gas energy will asymptotically approach
to a limiting ﬁnite value as that on commutative geometry at
Tθ = (kmθ)−1. This shows a surprising property that, in the co-
herent state approach, the ideal gas energy has a limiting energy.
420 W.-H. Huang, K.-W. Huang / Physics Letters B 670 (2009) 416–420We also discuss the relativistic theory and analyze the squeezed
coherent state. We have found that the heat capacity of the 2D
squeezed coherent states of boson and fermion on the noncom-
mutative geometry have different values, contrast to that on the
2D commutative geometry. Also, when consider the contribution
of the arbitrary squeezed coherent state the system will asymptot-
ically approach to the inﬁnite energy, contrast to that approaches
to a limiting energy in the system with un-squeezed coherent
state.
Finally, Eqs. (3.5), (3.6), (3.9), and (3.10) tell us that, while the
un-squeezed and squeezed coherents have the same mean values
of coordinates qˆ1 and qˆ2 they have different values of coordinate
uncertainty. In the coherent state approach, as the particles we
considered are those with the same mean value of coordinate we
therefore have to consider both of the un-squeezed and squeezed
state. Such a consideration may dramatically change physical prop-
erty as we have found. Along this line, an interesting issue to be
investigated is that, as near the ﬁnal stage of evaporation the back-
reaction of the black hole on the source will play an important role
the black hole source may be deformed into the squeezed coherent
state. Thus the source distribution (1.4) shall be modiﬁed to that
involved the squeezed state. The detail of the problem remains to
be investigated.References
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